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GENERAL INTRODUCTION 
Agricultural wheel tractor-trailer combinations are 
used for transporting crops and products from the fields to 
the farmsteads, the grain elevators, and/or the processing 
plants. The lateral stability and handling behavior of the 
tractor-trailer combinations, like other articulated on- the-
road vehicles, when operating on-the-road has been 
recognized as having a serious potential for causing traffic 
accidents. Manufacture rs need to understand the mechanics 
of vehicles during engineering development of agricultural 
tractors. In recent years, intensive studies of vehicle 
dynamics have been concentrated on highway transportation 
vehicles, i.e., .trucks and passenger cars. The literature 
survey revealed that little work has been done with 
agricultural wheel tractor- trailer combinations. 
For a given set of tractor-trailer system parameters 
and road conditions, as well as correct handling maneuvers, 
the tractor- trailer combination is stable while operating 
on- the-road at sufficiently low forward velocities (D'Souza 
and Eshleman, 1983). Road conditions , speed, and vehicle 
design parameters, e.g., dimensions, weight, and location of 
center of gravity, often combine with improper steering 
maneuvers to create an uncontrollable vehicle side slip . 
The driver under these conditions, acting as a closed-loop 
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controller, may be unable to stabilize the motion of the 
system. Improvement in handling qualities and widening of 
the stability limits of the vehicle system is needed to 
avoid these dange r ous situations. 
Existing investigat ions may be classified into two 
categories. In the first category, the vehicle was assumed 
to negotiate a steady turn while travelling at a constant 
velocity. The equations of motion, including the tire side 
forces, were linearized (Jindra, 1965; Crolla and Hales, 
1979). The stability of the resulting autonomous equations 
was then investigated by Routh's criterion or by examining 
the eigenvalues of the characteristic equations . In the 
second category, the nonlinear differential equations of 
motion were integrated numerically to obtain the response to 
a set of arbitrary inputs (Mikulcik, 1971; Bundo r f, 1967; 
Krauter and Wilson, 1972). 
In the previous investigations, the physical parameters 
of the vehicles, e.g . , weight, location of center of 
gravity, moments and products of inertia, were based on 
information obtained from the vehicle manufacturers. 
Validation of such data was conducted by laboratory tests. 
Parameters, e.g., the dimensions and weight of vehicle, are 
easy to measure, but others, e.g., moments and products of 
inertia for the whole vehicle, are difficult to measure 
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unless certain additional instrumentation is used. 
Therefore, analytical approaches for obtaining pertinent 
information for the entire vehicle appear to be useful, 
however, few of the previous investigators had attempted to 
employ such approa ches . 
A theoretical analysis of the tractor-trailer 
combinations was conducted during this investigation. Based 
on the analytical equations for the system, computer 
simulation algorithms were developed. Both an eigenv alue 
analysis of the characteristic equations of motion and the 
numerical integration of the equations of motion 
corresponding to certain inputs were employed. Moreover, an 
analytical method of computing the moments and products of 
inertia of a generalized implement was investigated. A 
computer program was developed as the application of this 
analytical method. 
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OUTLINE OF THESIS FORMAT 
This thesis consists of three sections. Each section 
was concentrated on one aspect of the tractor- trailer 
dynamic behavior study. The candidate (Liansuo Xie) 
conducted the research, and authored the thesis under the 
supervision of his major professors (Dr. Paul W. Claar and 
Dr. Wesley F. Buchele) with the assistance of Dr. Stephen J. 
Marley. Section I (Development of mathematical model for 
agricultural wheel tractor-trailer combinations) was 
concentrated on the theoretical analysis of dynamic behavior 
of tractor-trailer combinations. Section II {Computer 
simulation of agricultural tractor- trailer combinations) was 
the application of the results in Section I with the 
introduction of certain assumptions. Section III 
(Computation of inertial properties for a generalized 
machine) was the extension of the tractor-trailer system 
simulation. 
Section I reported on the development of mathematical 
model for agricultural wheel tractor- trailer combinations. 
Analytical techniques were described for predicting the 
dynamic behavior of the combination. The analytical 
approach included the selection of the body coordinate 
systems for the tractor and the trailer, respectively. The 
kinematics and kinetics of tractor and trailer were studied. 
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Section II reported on the development of computer 
simulation algorithms for the existing tractor-trailer 
combinations. Certain assumptions were introduced so that 
the generalized equations of motion were able to be s o l ved 
with the reduction of computer simulation costs . Analytical 
methods were employed for formulating the linearized dynamic 
matrices for the behavior of tractor-trailer combinations. 
The simulation program was validated by comparing with 
previous test data and then used to study influence of 
changing parameters of the trailer on the lateral stability 
of the system. 
Section III reported on the computation of moments and 
products of inertia for a generalized machine. The 
equivalent mass element method was introduced. The 
generalized machine was resolved to a series of elements o f 
different shapes, positions, and orientations. First, the 
moments of inertia and products of inertia of each element 
were computed . Then , the contribution of each element was 
accumulated and desired parameters, e.g ., moments of 
inertia, products of i nertia, center of gravity, and total 
weight of the machine, were computed. Specific applications 
to agricultural trailers were illustrated. 
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OBJECTIVES 
The objectives of this investigation were: 
1. To develop analytical models for predicting 
lateral stability of generalized agricultural 
tractor-trailer combinations. 
2. To investigate the dynamic behavior of 
agricultural tractor-trailer combinations under 
the influence of changing parameters of the 
trailer. 
3 . To use an eigenvalue prediction technique fo r 
analyzing the lateral stability of the system. 
4 . To use a numerical integration technique for 
verifying the results obtained from the 
eigenvalue prediction method. 
5. To develop a computer program for calculating 
moments and products of inertia for a generalized 
implement . 
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SECTION I: DEVELOPMENT OF .MATHEMATICAL MODEL FOR 
AGRICULTURAL WHEEL TRACTOR- TRAILER COMBINATIONS 
8 
INTRODUCTION 
Operating parameters, trailer design configurations, 
and terrain or road conditions have a great influence on the 
dynamic behavior of agricultural wheel tractor-trailer 
combinations. Increasing travel velocity and trailer 
capacity usually results in higher efficiencies, but it does 
increase the probability of accidents. It is necessary to 
understand the relationship between the performance and the 
physical properties of tractor-trailer combinations. 
During the development of agricultural tractors, 
vehicle dynamics was employed for studying the relationship 
between the motion and its causes, and to provide further 
information for the improvement of tractor handling. 
Agricultural tractor-trailer ·combinations, however, have 
received little attention in past years. 
The quantitative approach to the handling problem of 
the agricultural tractor essentially began with the work of 
McKibben (1927). The mechanics of the unsprung wheel 
tractor was main concern of this study. Equations were 
developed by McKibben to predict weight transfer and 
impending instability under a wide range of conditions. 
Although no equations for the kinematics of the tractor were 
developed, some observations about the kinematics of the 
farm tractor were made. An analysis of the forces acting on 
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the rolling wheel was also made. Since equations of the 
model were purely algebraic, as opposed to differential, 
they were unable to predict the vibratory motion of the 
tractors. 
The next significant work on the mechanics of unsprung 
wheel tractor dealt with the stability analysis of tractors 
equipped with rubber pneumatic tires (Worthington 1949). 
The analysis included a traction coefficient to relate the 
tractive force to the normal ground reacti on. The equations 
used by Worthington were algebraic and thus could not be 
used to predict the vibratory moti on of the tractor. 
Buchele (1962) made another distinctive contribution to 
the study of mechanics of agricultural tractors by 
introducing soil variables into the equations for the case 
of traction-limited drawbar pull. Buchele used his 
equations to predict weight transfer under a v ariety of 
conditions for both two-wheel drive and four-wheel drive 
tractors. For this study, the vehicle had zero acceleration 
and vibratory motion was not included. 
Goering and Buchele (1967) developed a three degrees -
of-freedom mathematical model of an unsprung tractor to 
investigate large-amplitude vibrati ons for the vehicle , and 
to predict the transient response of a tractor to rapid 
clutch engagement with different drawbar loads . 
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Smith and Liljedahl (1970) developed a three degrees -
of- freedom model to predict the backward overturning of a 
tractor and the effect on tractor forward motion as a 
function of changing drawbar load. Factors, e.g., engine 
torque, engine speed, clutch torque and drive wheel 
slippage, were included i n his study. More insight was 
gained about the tractor, but no information was obtained 
fo r the interactions between the tractor and the implement 
attached to the tractor. 
Pershing (1966) modelled the tractor as a nine degrees -
of- freedom linear system . The study involved the simulation 
of the t r actor oper ating on a side slope with the uphill 
rear whee l transversing the half- period of a sine wave . The 
tires were represented as linear springs and v iscous dampers 
in the three mutually perpendicular planes. The transient 
r esponse of the vehicle was then studied to determine the 
effect of design parameters on the stability of the tractor. 
Realizing the impo r tance of accurately modeling 
agricultural tires, Thompson and Liljedahl (1970) compared 
the mathematical formulation of a tire with experimental 
results. The study found that a tire could be represented 
by a spring- damper system with a point contact . The spring 
force could be taken as the non- linear force value 
determined from the static force - deflection curve . Damping 
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could be suitably considered as exhibiting piecewise 
linearity since the influence from damping was relatively 
small. 
Crolla and Hales (1979) investigated the lateral 
stability characteristics of tractor- trailer combinations by 
using an eigenvalue analysis technique. This study 
investigated the influence of different forward velocities 
on the lateral stability of existing tractor- trailer 
combinations. The study found that the present 
configuration used for agricultural transport had severe 
problems at speeds higher than 32.4 kilometers per hour 
(km/h), and also during braking. 
In recent years, the dynamic behavior of highway 
transportation vehicles and recreational vehicles has been 
investigated more than agricultural tractor-trailer or 
tractor- implement combinations. 
Klein and Szostak (1980) conducted a study of the 
development of hitch load boundary for trailer towing . In 
his study, hitch load limit boundary was based on providing 
a hitch load condition that would insure positive 
understeering of the tow car up to a gi ven lateral 
acceleration level. It wa s found that, in terms of the car 
alone, all passenger cars were designed for understeering at 
all lateral acceleration levels. 
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Huston and Johnson (1980) conducted a investigation 
into the relationship between the normal force dependence of 
cornering stiffness and the lateral stability of 
recreational vehicles. He used three different expressions 
relating cornering stiffness and normal l oad (constant, 
linear, and quadratic) in lateral stability analysis of a 
car and trailer combination. He found that changing 
cornering stiffness with a change in normal load had a 
significant effect on the critical speed associated with 
constant speed straight line motion. 
Later, Huston and Johnson (1982) studied the analytical 
results for the lateral stability of on-hi ghway tractor 
semi-trailer combinations. He summarized two previous 
classical results on the lateral stability analysis of 
tractor semi-trailer cornbinati.ons, and added the tractor 
semi -trailer interaction aspect to the analysis. 
MacAdam (1982) made a intensive study of heavy truck 
lateral stability. This investigation was directed at the 
occurrence of yaw divergence during steady turning at 
constant forwa rd velocity.· The study reported that the 
tractor yaw instability could occur well below the rollove r 
threshold for certain vehicles. As part o f the study, 
MacAdam dev eloped a non-linear handling diagram, a graphical 
plot of the truck dynamic behavior. 
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MATHEMATICAL MODEL DEVELOPMENT 
The agricultural tractor-trailer combination was 
treated as a dynamic system with three degrees-of-freedom, 
namely, side- slip, yaw of the tractor, and swing of the 
trailer relative to the tractor. Tractor chassis roll and 
trailer chassis roll were omitted as degrees - of-freedom in 
this study. Changes in the vertical loading of the tires, 
when the vehicle was travelling in a curve, were taken into 
account by means of an approximation. The bodies of the 
tractor and the trailer were assumed to be rigid, and their 
centers of gravity were fixed so that the relative motion 
between the axles and the bodies was neglected . Based on 
the above assumptions, the study was conducted through the 
introduction of a free body diagram of the tractor-trailer 
system. 
Free body diagram 
The generalized coordinates chosen to represent the 
motion of the combination were vehicle side-s lip, tractor 
yaw motion, and trailer swing motion relative to the 
tractor. The physical dimensions of the tractor and traile r 
were shown in Figure . 1 and Figure 2, respectively. The 
variables, a, b and c, were the horizontal distances from 
the center of gravity of the tractor to front axle, rear 
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axle and hitch point, re spectively. The variables, h 1 and 
h 2 , were the vertical distances from the surface of the 
terrain to the center of gravity and hitch point, 
respecti vely. The lateral distances from the center of 
gravity to the front and rear centerlines of the wheel 
treadwidth were represented by the variables, d 1 and d 3 , 
respectively. These physical dimensi ons were held constant 
for a chosen tractor. 
Different trailer configurations were used in this 
study. The variable, d , was the horizontal distance from 
the hitch point to the center of gravity of trailer, while 
the variable, s, was the horizontal distance from the hitch 
point to the centerline of the trailer axle. For trailers 
with more than one axles, the variable, s, was the 
horizontal distance from hitch point to the idealized axle. 
The variable, h 3 , was the vertical distance from the surface 
of the terrain to the center of gravity of t he trailer, and 
the variable, 2d 5 , was the treadwidth of the trailer. The 
trailer physical dimensions changed i n relation to the 
capacity of the trai ler. 
For this tractor-trailer combination, six wheels were 
considered. The index numbers, 1, 2, 3, 4, 5, and 6, were 
used to distinguish each wheel of the combination. The 
front tractor wheels were designated as 1 and 2; the rear 
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tractor wheels as 3 and 4; and the trailer wheels as 5 and 
6. The odd numbers were used to designate the wheels on the 
right side of the vehicle combination while the e v en numbers 
designate the wheels on the left side. 
The forc es acting on the system included : the weights 
of tractor and trailer were designated as Wt and Ws' 
respectively; the tractive forces developed by the tractor 
drive wheels were designated as 0 3 and 0 4 , respecti vely; the 
rolling resistances acting on each wheel of both the tractor 
and the trailer were designated as Ri (i=l, .... ,6); and the 
lateral slip forces generated from each wheel were 
designated as Fi (i=l, .. .. ,6). The variables, Px and Py' 
were the restraint forces acting between tractor and trailer 
when the combination was separated at the hitch point. The 
weight of either the tractor or the trailer was constant for 
a chosen combination. The rolling resistance of each whee l 
was a functi on of the v ertical load acting on it, while the 
vertical load of each wheel was the combination of the 
static and dynamic loads. The tractiv e forces produced by 
the rear wheels of the tractor had a positive direction 
unless the tractor was braked during the motion. 
Kinematics of the tractor 
The unsprung wheel tractor was simplified to be a rigid 
body . A body coordinate system (oxyz) with its origin at 
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the center of gravity of the tractor had the same angular 
velocity as the body itself. Therefore , the kinematics of 
the tractor was r epresented by that of a rigid body. 
The vector r was defined from the origin of the body 
coordinate system to an arbitrary point, p, positioned on 
the body, and expressed in rectangular component form: 
-r xi + yj + zk [ 1] 
The position vector R of the point p with respect to the 
inertia coordinate system ( OXYZ) was the vector sum of R 
0 
and r, as shown in Figure 3, or in vector equation form: 
R R: + r 
0 
The absolute velocity of point p was written as: 
v p v + w x r 0 
[ 2 ] 
[ 3] 
where V was the linear velocity of the origin of the (oxyz) 
0 
coordinate system, and (w x r) was the relative v elocity of 
point p with respect to the origin of the system, o. 
The absolute acceleration of point p was written as: 
a = a + w x r + w x (w x r) 
0 
where a was the acceleration of the origin of the 
0 . 
r 4 J 
coordinate system (oxyz) , and w was the angular acceleration 
of the body. 
17 
When the point p was the center of gravity for the 
rigid body, the position vector, r, was equal to zero. The 
position vector of the point p with respect to the inertia 
coordinate system (OXYZ) became: 
R = R c 
The absolute v elocity of point p was : 
v = v c 
[ 5] 
[ 6] 
Since V was expressed in terms of a rotational coordinate c 
system (oxyz) with angular velocity w, the absolute 
accelerati on of the center o f gravity of the body was 
expressed as: 
a = v I + v ] + v k + w x v x y z [ 7 ] 
Equation (7) was further resolved into its rec tangular 
components as: 
-a = (V + w V x y z (I) v )i z y 
+ (V + w v - w v )j y z x x z 
+ (V + w v - w v )k 
z x y y x 
Equation (8) was the generalized acceleration 
expression ref erring to the translational motion of the 
center o f gravity of a rigid body. 
[ 8) 
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Momentum of the tractor 
The tractor was considered as a rigid body who s e mass 
center was located at point c, as shown in Figures 4 and 5. 
The total mass M of the body was written as: 
M = fm dm l 9 ] 
The radius vecto r from the reference point o to the mass 
center was defined by: 
[ 1 0 l 
The velocity vector of mass dm was represented in Equation 
[3]. The linear momentum of the body with respect to a 
fixed point in the inertia system was : 
-
L = M (V + w x r ) 
0 c [ 11 l 
The angular momentum of a mass particle dm was the 
moment of its linear momentum about the origin o f the 
coordinate system and was given by: (r x (v + w x r)dm). 
0 
The angular momentum of the rigid body about the origin of 
the pody coordinate system was obtained as: 
8
0 
= - v 
0 
x f rdm +fr x ( w x r) dm [12] 
If the origin of the coordinate system was located at the 
mass cente r, i .e . point o was coincident with point c, the 
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term ~rdm was equal t o zero . The angular momentum o f the 
body with respect t o the center o f mass became: 
I n rectangular component form, H was written as : 
c 
where 
H c 
H = y 
H z 
H i + H j + H k 
x y z 
[ 13] 
[ 14] 
[ 15] 
[ 16 ] 
[ 17 ] 
Afte r introducing moments and produc ts o f i nertia f o r the 
rigid body, the angular momentum of the body was written as: 
H y 
H z 
= I w x x 
= - I w 
x y x 
- I w xz x 
I w xy y 
+ I w y y 
I w xz z 
I w y z z 
I w + I w yz y z z 
[18 ] 
[ 19 ] 
[ 20 ] 
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The equations [18], [19J and [20] were used to represent the 
angular momentum of the tractor with respect to the center 
of mass. 
Generalized equati on s of motion for the tractor 
The equation s of motion for the tractor were derived 
from the generalized equations of motion for a rigid body. 
The generalized e quations were written as : 
M(V + V w - V w ) = x z y y z F x 
F y 
M(V + V w - V w ) = F z y x x y z 
[ 21 J 
[ 22] 
[ 23]. 
Equations (21], [22] and [23] were the equations of motion 
for translational motion of a rigid body. 
After applying Newton's Second Law to the rotational 
motion of the body, the equations of motion for rotating 
body were written as: 
T = I w - I (w x x x xy y w w ) x z 
+ (I - I )w w + I (w 2 - w 2 ) z y y z yz z y [ 24] 
21 
I w 
y y 
I (w + w w ) xy x y z 
+ (I - I )w w + I (w 2 - w 2 ) x z x z xz x z 
T = I w - I (w z z z xz x w w ) y z 
+ (I - I )w w + I (w 2 - w 2 ) y x x y xy y x 
[ 25] 
[26] 
Equations [24] - [26] were the equations of motion for the 
rotati ona l motion of the tractor. The moments and products 
of inertia were with respect to the body coordinate system . 
Kinematics of the t railer 
To distinguish the variables used for the tractor from 
those for the trailer, the subscript 2 was used to represent 
trai ler, e .g., wz2 was the angular velocity o f trailer about 
z 2 axis . The motion of trai l er wa s related to the tractor 
body coordinate system through hitch point . The 
acceleration of the mass center of the trailer was 
determined by: 
[ 2 7 l 
where 
ac2 = the acceleration vecto r at trailer mass center; 
-
ah = the acceleration vector at hitch point of the 
t rac tor; 
22 
= relative acceleration vector at trailer mass 
center with respect to the hitch point. 
The acceleration at hitch point of the tractor was 
derived from the tractor body coordinate system as: 
(V x v w + cw 
2 )1 y z z 
+ (V + v w - cw )j y x z z [28) 
This expression was derived under the assumption that 
there was no rolling motion for the tractor. 
The relative acceleration of the center o f gravity of 
the trailer with respect to the hitch point was derived as: 
[29) 
where wz 2 was the angular velocity of the trailer, and 6 was 
the angle between the centerlines of the tractor and the 
trailer. 
After substituting Equations, [28) and [29), into 
Equation [27) the acceleration at the mass center of the 
trailer was written as: 
= (V x 
23 
where o was relative angle between the tractor and trailer 
configuration c enterlines. Equation [30] represented the 
acceleration at the mass center of trailer with tractor 
being restricted to no rolling motion. 
Governing equati ons for stability analysis 
In this study, the tractor and trailer were restricted 
to have planar motion. Thus, the governing equations for 
the tractor was written as: 
v w ) y z 
- P - ( R1 + R2 ) sino y 
!31] 
[32] 
[33] 
Equation [31] was the expression for the motion in the x-
direction, while Equation f32] was the expression for the 
motion in they-direction. Equation (33] was the expression 
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for the rotational motion about vertical axis through the 
center of gravity of the tractor. 
Equations o f motion for the trailer were written as: 
M (V - v w + cw 2 + dwz2 2 coso + dwz 2sino) s x y z z 
p 
x 
M (V + v w - cw + dwz 2
2 sino - dwz 2coso) s y x z z 
= p 
y (R 5 + R6 )sino + (F 5 + F6 )coso 
-dP sine + dP coso - (F 5 + F 6 ){s-d) x y 
[34] 
(35] 
(36] 
The Equations (34] - (36] were the governing equations 
for the trailer . Equation [34] was the expression for the 
motion of trailer in the x - direction, while Equation (35] 
was the expression for the motion of trailer in the y -
direction . Equation f 36] was the expression for the 
rotational motion about vertical axis through the center of ' 
gravity of the trailer. The v ariables, Px and Py, were the 
reaction forces acting between the tractor and the trailer . 
After combining the equations of motion for the tractor and 
the trailer together, and then eliminating the reaction 
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forces acting between the tractor and the trailer, three 
governing equations were then derived for the stability 
analysis: 
+ (Fs + F5)COS0 - (Rs + R5)sino (37] 
- (Fs + F 6 )ccoso - (F 3 + F~)b (38] 
. 
-coso{V + V w1 - cw 1 + dw 2 2 sino - dw 2 coso)) y x 
= (Rs - R5)ds - (Fs + F5)s (39] 
26 
where w1 and w2 were used to represent wz and wz2 ' 
respectively. 
Equati o ns [37] - [39] were the governing equations of 
motion for the agricultural tractor-trailer combinations . 
Equation [37] was the equation for describing the lateral 
motion of the combination, while Equations [38] and [39] 
were used to describe the yaw motions of the tractor and the 
trailer, respectively. The forward velocity and 
acceleration of the combination were contr olled by the 
driver and were the input variables for the simulation 
program. 
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SUMMARY AND CONCLUSI ON 
The purpose of this section was to introduce the 
fundamental concepts of engineering mechanics for vehicle 
dynamics studies, and the selection of body coordinate 
systems. The study of kinematics, which is concerned with 
the geometry of motion and deals with relationships among 
displacement, velocity, acceleration and time without any 
reference to the cause of motion, was the first step in 
analytical approach of dynamics problems. Kinetics, which 
deals with relationships among forces , mass and mo tion of 
bodies , was employed t o f o rmulate system equations of 
motion . 
To analyze the dynamic behavior o f the system, free 
body diagrams were made to show all the forces acting on the 
vehicle combination and t o help with formulating the 
equations of motion based on Newton's Second Law o f Motion. 
This analytical approach provided a thorough understanding 
of the system and the basis for any further computer 
simulation work. 
The three governing equations of mo tion, describing the 
lateral slip motion of the tractor-trailer combination , yaw 
motion of tractor, and the swing motion o f trailer with 
respect to the tractor, were derived through the direct 
application of Newton's Second Law of motion. These 
equations were used for the computer simulation work. 
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SECTION II: COMPUTER SIMULATION OF AGRICULTURAL TRACTOR-
TRAILER COMBINATIONS 
37 
INTRODUCTION 
Handling characteristics of vehicle systems is one of 
the most complex subjects in the field of v ehicular dynamics 
(Jindra, 1963). The relevant handling characteristics 
include straight- running ability and transient response 
produced by a steering maneuver or an external road 
disturbance. Analytical considerations can prov ide basic 
understanding of the handling problem because it is 
extremely difficult to reveal the transient lateral motion 
behavior of actual vehicles. Computer simulation is a tool 
frequently used by vehicl e dynamicists to study this 
problem. 
For the last several decades, computer simulation 
techniques have been used to study the dynamic behavior of 
off-road and commercial on- road vehicle combinations. 
Goering and Buche le (1967) used the computer t o study 
large amplitude vibration behavior and backwards overturning 
of unsprung agricultural tractors. 
Bundorf (1967) used an analog computer to investigate 
the dynamics of automobile-trailer combinations. The input 
excitation to these systems was the steering angle of the 
vehicle. This research provided an understanding of the 
basic factors involved in trailer towing, rather than the 
development of a refined quantitative simulation. 
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Taylor (1980) investigated the nonlinear stability and 
response of car- trailer combinations. The stability was 
determined by computing the eigenvalues from the equations 
of motion for the combinations. 
Fancher (1982) investigated the transient directional 
response of a semi-trailer truck to sinusoidal road inputs. 
Frequency response methods were applied to understand the 
influence of changing design parameters on the directional 
performance of commercial vehicle combinations employing a 
fully-loaded trailer. 
Crolla (1981) and Horton and Crolla (1984) investigated 
the dynamic handling behavior of agricultural tractors and 
tractor-trailer combinations. These research inv estigations 
concluded that the lack of tire force data, such as 
vibrational and lateral force generation characteristics , 
limited the prediction of tractor handling and steering 
behavior. 
In this section of the study, the emphasis was placed 
on the development of computer algorithms to simulate the 
dynamic behavior of agricultural tractor-trailer 
combinations. 
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SIMULATION ALGORITHM 
Since the analytical consideration of the transient 
lateral motion of actual vehicles is extremely complicated, 
it is necessary to make a number of simplifying assumptions 
in order to render the problem amenable for analysis and to 
reduce the computation costs. 
Assumptions for the agricultural vehicle combinations 
Certain assumptions were made to linearize the 
differential equations of motion for agricultural tractor-
trailer combinations, shown in Figures 1 and 2 of Section I. 
The assumptions were: 
1. The tractor was a two wheel-drive , unsprung 
tractor. 
2. The trailer was a single axle trailer. For 
tandem axle trailers, an idealized axle was 
introduced. 
3. All motion of the tractor - trailer combinations 
was assumed to occur in a plane parallel to the 
supporting surface. 
4. Small angular oscillations were used, i.e. higher 
order effects were neglected. 
5. Small relative angles of oscillation between 
tractor and trailer were assumed, i.e. the 
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magnitude of the term, sin4, was approximated as 
4, and the term, cosr, was approximated as one. 
6. The steering angle of the tractor was 
controllable and was limited to a range of ±15 
degrees. 
7. The tractor and trailer were modelled as rigid 
bodies. 
Slip angle r elationships 
The side force generated by a tire was a function of 
the slip angle. The slip angle of a tire was defined as the 
angle between the velocity vector of the tire and its 
vertical plane orientation . 
For the front tractor tires, the slip angles were : 
= o - tan - 1 ( ( V + aw 1 ) / ( V + d 1 w 1 ) ) y x [ 1] 
For the rear tractor tires, the slip angles were : 
[ 2] 
For the trailer tires, the slip angles were: 
(X 5 I [ 3] 
The variables for the vehicle combination parameters 
were shown in Figures 1 and 2 of Section I. 
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Usually, the term (Vy+ aw 1 ) is much less than the term 
(V + d 1 w1 ). Hence the inverse tangent term in Equation [ 1] x 
was approximated as ((Vy + aw 1 ) / (Vx + d 1 w1 )) . Also , the 
forward velocity of the combination, Vx' is much greater 
than the absolute value of the term, d 1 w1 • Hence the term, 
(V x + d 1 w1 ) was approximated to be equal to the forward 
velocity, V . With these approximati ons, Equation [ 1 ] was 
x 
written in linearized form as: 
[ 4 ] 
Similarly, Equations [2] and [3] were lineari zed as: 
ex 3 [ 5 l 
- v ) I v y x [ 6 ] 
Equations [4] - [6 ] were expressed in terms of the 
steering angle of the tractor, the swing angle of the 
trailer relative to the tractor centerline , the forward and 
lateral translational velocities, and the angular velocities 
of the tractor and the trailer. 
Dynamic wheel loads 
The effect of pitch and roll motion o f the t racto r -
trailer combination on tire loading was introduced through 
quasi-static load transfer by employing the forward and 
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centripetal accelerations. The vertical load acting on each 
wheel was the combination of the static and dynamic loads. 
The static forces, Pf' p I r and P , were the reactions normal s 
to the road surf ace of the front and rear axles of the 
tractor, and the trailer axle, respectively . The variable, 
Ph' denoted the vertical reaction force between the tractor 
and the trailer, i.e . the vertical drawbar hitch load. 
For the static equilibrium position of the tractor, the 
static forces acting on the front and rear tractor axles 
were: 
[ 7 J 
[ 8] 
where Wt was the total weight of the tractor; the variables, 
a and b, were the horizontal distances from the center of 
gravity of the tractor to front and rear tractor axles , 
respectively; the subscripts, f and r, were used to 
represent the front and rear tractor axles. The static 
equilibrium position of trailer was expressed as: 
P = w d I s s s [ 9 ] 
[ 10] 
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where W was the total weight of the trailer; the variable , 
s 
d, was the horizontal distance between the hitch point and 
the center of g ravity of the trailer; and the variable, s, 
was the distance from the hitch point to the center of 
trailer axle, as shown in Figures 1 and 2 of Secti on I. 
The reaction force, Ph' was further resolved into two 
components acting on the front and rear tractor axles as: 
pf" (b- c)Ph / (a+b) [ 11 l 
Pr" = (a+c)Ph / (a+b) [ 12] 
where the variable, c, was the horizontal distance from the 
center of gravity of the tractor to the hitch point, as 
shown in Figures 1 and 2 of Section I. 
The total static load on the front and rear tractor 
axles was: 
pf ' + pf" [ 13] 
P =P ,+P 11 r r r [14] 
The forward a cceleration and the rolling resistance 
fo rces acting on the combination caused the weight to be 
shifted in the longitudinal (fore- to- aft) direction . The 
actual loads on each axle due to the forward acceleration, 
the rolling resistance, and the static load were: 
N s (Wsd + M V (h3 - h 2 )) / (s + µh2 ) s x [15] 
where 
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Nh w N s s 
. 
~ M V s x + N µ s 
N = (Wta + MtVxht + Nh(a+c) + Rhh2) I (a+b) r 
Nf = (W b - MtVxh 1 - N (c - b) - ~h2) I (a+b) t h 
N = vertical s load on the trailer axle; 
Nf vertical load on the tractor's front axle; 
N = vertical load r on the tractor's rear axle; 
Nh vertical reaction force between the tractor 
and trailer; 
~ horizontal reac tion force acting between the 
tractor and trailer; 
[ 16] 
[17] 
(18] 
[19] 
µ = friction coefficient between the tire and the road. 
When the vehicle combination negotiated a flat turn, 
the vertical loading on the wheels shifted in lateral 
direction because of the centrifugal forces. The tilting 
moment, due to the centrifugal force, caused additional 
loads, ~pf' ~p , and ~p , to be added to the dynamic l oad 
r s 
components of the wheels on the outs ide of the curve, while 
the wheels on the inside of the curve had their loads 
reduced by the same amount. The effects were expressed as : 
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(20] 
t.P ( p I ht + p 11h 2) v 2 I 2gRd3 r r r x [21] 
[22] 
where the variable, R, was the radius of the curvature, and 
the variable, g, was the acceleration of gravity . The 
dynamic load reaction on each wheel was then determined by 
summing up all the force effects, and was expressed as: 
Nl, 2 Nf/2 =t t.Pf [ 23] 
N3 4 N /2 + t.P [24) 
' r r 
NS 6 N /2 + t.P [2 5 ] 
' s s 
where 
Nl 2 vertical loads on the front right and left 
I 
wheels of the tractor, respectively; 
N3 4 vertical loads on the rear right and left 
I 
wheels of the trac tor, respectively; 
NS,6 vertical loads on the right and left wheels 
of the trailer, respectively. 
Selection of the tire model 
The cornering performance of the pneumatic tire was one 
of the most important factors affecting the vehicle behavior 
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in a turning action. Jindra (1963) deve l opd a set of semi -
empirical equations to describe the variations of cornering 
power for various tires and different vert ical loading 
conditions encountered in cornering motions . These 
equations compared favorably with the experimental data 
measured by Schwanghart and Rott (1983). These equations 
were used in this simulation study. 
The side force, F , transmitted from road to the tire 
was expressed as: 
F = CF.et [ 26] 
where 
CF = the cornering power coefficient; 
a - the slip angle of the tire 
P the vertical load acting on the tire; 
µ = effective coefficient of friction between the f 
tire and the terrain road. 
The equations used to determine CF were: 
CF = 60Ptbt 2 (1.7U - 12.7U2 ) for U<0.088 [27a] 
or 
CF = 60Ptbt 2 (0.095 - 0.49U) for U>0 .088 [27b] 
where 
u = the relative tire deflection which was evaluated 
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from the semi-empirical equation: 
u 
bt undeflected width of the tire; 
Dt = undeflected diameter of the tire; 
Pt = the inflation pressure o f the tire; 
P = the vertical load acting on the t i re. 
Since the cornering force produced by a tire was 
[ 28 ) 
directly proportional to its slip angle, the instantaneous 
slip angle of each tire was expressed in terms o f the 
generalized coordinates of motion of the v ehicle system . 
Matrix representation of linearized equations 
The gov erning differential equations of moti on for the 
vehicle combination were linearized to reduce the c omplexi t y 
of the numerical computations and the computer simulation 
costs. The governing equations of motion for the system 
were developed by combining the equations of motion for the 
tractor with the equations for the trailer. The interacting 
forces, P and P , were eliminated from the Equations [ 31) -x y 
[36), presented in the Section I. 
These assump~i ons and the tire relationships were 
introduced into the nonlinear differential equations of 
motion, Equations [37) -(39] of Section I. The linearized 
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governing equations of motion for the vehicle combination 
were: 
l . Lateral motion of the combination 
w2 (-M d) + w2 (-sc /V ) + l(R - c ) s s x s s 
= (c - R )o f f 
2. Yaw motion of the tractor 
w2 (M cd) + w2 (c cs/ V ) + l(c - R )c s s x s s 
3. Swing motion of the trailer 
. 
Vy(-M
5
d) + V ( - c s / V ) y s x 
w1 (M cd) + w1 (-M dV + c cs/V) s s x s x 
[ 29 ] 
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+ t(M dV + c s) = 0 s x s [ 31 ) 
where It and Is were the moments of inertia for the tractor 
and trailer with respect to its own vertical axis through 
its center of gravity. 
The system of second- order differential equatio ns of 
motion were rewritten as a system of first - order 
differential equations, so that the equati ons could be 
numerically integrated. The system of first - order 
differential equations had the form: 
{X } = [ A ] {X } + {B J r 3 21 
where 
{X I = column matrix of x • I i = l, • • • I 6 i 
1 
{ x J = column matrix of x. I 
1 
i = l , • • • I 6 i 
[ A ] = coefficient matrix of Xi; 
{B } column vector of generalized forcing functions. 
Since there were three second- order differential 
equations, there were six first - order differential 
equations. A change of variables was made to get the 
equations in the form o f Equation [32] f o r numerical 
integration. The following independent v ariables were 
introduced: 
v y [ 33 J 
[ 34] 
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[35] 
The time rate of change, or the first derivatives, of 
the independent variables in Equations [33] - [ 35] were: 
X1 v [36] y .. 
[ 3 7 l X2 = W1 
X3 = w2 [38] 
Equ a tions (29) - (31] were written in the following 
matrix form : 
[M] {X } + [CJ {X} + [Kl {Xl = [ F } [39] 
where 
l x l = column matrix of xi' i = 1 I 2 I 3 ; 
{ x l = column matrix of xi I i = 1,2,3; 
{X } column matrix of Xi I i = 1 I 2 / 3 i 
[M] = equivalent mass matrix of the system; 
[ c] = equi valent damping matrix of the system; 
[ K] = equivalent stiffness matrix of the system; 
[ F} = force excitation vector. 
The components of the mass matrix, [M], the damping 
matrix, [C ], the stiffness matrix, [K], and the force 
excitation, {F}, were presented in Appendix A. 
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Equation [ 39) was prernultiplied by [ M] - 1 , the inverse 
of . the symmetric mass matrix , and then rearrangd to yield: 
{ X} = [ M] - 1 [ F] - [ M] - 1 [ C] { X j - [ M] - 1 [ K] { X} [ 40] 
The following vector identity was introduced: 
{Xl = [XJ [41) 
Equations [40] and (41] were combined to yield a set of 6 
first-order differential equations, which in reduced form 
were: 
where 
{ X } = [A) { X j + {B J 
[AJ6x6 = 
[ X j 6xl = 
I 
I 
[ O l 3x3 1 [ 1 ] 3x3 
I ------------------I 
-[M ] -l [ K]3x3: - [M]- l [ CJ3x3 
[ M]- 1 [FJ 
3xl 
r 42 1 
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{X} 3xl 
{X}6x l = 
fxJ 3xl 
The response of the vehicle combination to the input 
excitations was obtained by numerically integrating Equation 
[42) with the DE numerical integration algorithm, a multi -
step, multi - order Adams method (Shampine and Gordon, 1975). 
Equation l42] was modified into the eigenvalue problem 
for determining the lateral stability of the system . A set 
of homogeneous differential equations was obtained by 
setting the vector {Bl in Equation [42] equal to zero , and 
was expressed as: 
{X} = [EJ {XI (43] 
Equation (43) was solved by assuming the trial solution: 
{X . } = {X . (t ) } 
l. 1. 0 
Lt e i (44) 
Equation (44) was substituted into Equation ( 43] to yield: 
[ D. - E ] {Xj = {O} ( 45] 
where a set of n homogeneous equations in terms of X was 
obtained. The components of equation (45 ) were presented in 
Appendix B. For a nontrivial solution o f Equation [45], the 
determinant must vanish, such that 
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det[IX - E] 0 [ 46 ] 
Equation (46] was the characteristic equation of the matrix 
[E]. The roots of the characterictic equation were n values 
of X (X 1 ,X 2 , . . . ,Xn)' termed the eigenvalues. 
The computed eigenvalues were the natural frequencies 
for the v ehicle system. If all the eigenvalues had negati v e 
real components, the vehicle system was stable while if one 
or mo re of the eigenvalues had positive real components , the 
vehicle system was unstable. If the eigenvalues had nonzero 
imaginary components, the system oscillated because damping 
existed. 
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TRACTOR-TRAILER COMBINATION STABILITY ANALYSIS BY COMPUTER 
SIMULATION 
Tractor-trailer combination stability is an important 
charact'eristic in dealing with the dynamic behavior of the 
combinations. Analytical computer simulation programs are 
especially useful to evaluate agricultural tractor - trailer 
combination handling characteristics under the influence of 
changing either the design parameters or the operating 
parameters of the combination. This study dev eloped a 
computer simulation program to evaluate the influence o f the 
physical dimensions and operating parameters on the system 
stability. A John Deere 4020 tractor was used in 
combination with a single axle trailer. Two different 
capacity trailers (Models 425A and 900T which are 
manufactured by Parham Industries, Inc., Claremore, 
Oklahoma) were used to study the influence of different 
capacity trailers on the stability of the combination. The 
simulation input data for both tractor and trailers were 
presented in Appendix C. 
An eigenvalue analysis technique was used to analyze 
the system stability under different operating conditions. 
The magnitude of the real part of the eigenvalue indicated 
the effectiv e damping for an oscillatory r oot, or a measure 
of the system response to a disturbance from its initial 
static conditions. 
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Two different aspects: (1) variation in operating 
parameters, and (2) variation in design parameters, were 
investigated with the simulation program. All the 
simulations were made on the two sets of tractor-trailer 
combinations, i.e. John Deere 4020 tractor in combination 
with the Parham 425A fully-loaded trailer and the Parham 
900T fully-loaded trailer. 
Variation in operating parameters 
Operating parameters of agricultural tractor- trailer 
combinations included the travel speed, the acceleration, 
the radius of the curvature, and the loading conditions. 
Eigenvalu~s for the system governing equations were computed 
at different transient operating conditions. The real parts 
of the eigenvalues were plotted against the forward speed. 
The negative real parts of the eigenvalues ~ndicated a 
stable state, whereas the positive real parts of the 
eigenvalues indicated an unstable state for the system 
configuration . 
The influence of the changes in the trailer weight on 
the combination was plotted in Figures 1 and 2. The results 
showed that the combination of small tractor with small 
trailer was more stable than the combination of small 
tractor with the bigger trailers because the eigenvalues for 
the John Deere 4020 tractor with the 425A fully-loaded 
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trailer combination were all negative when the forward speed 
was less than 14 meters per second (m/s). One of the 
eigenvalues for the John Deere 4020-tractor with the 900T 
fully- loaded trailer combination became positive at speeds 
higher than 10 m/s. From Figures 1 and 2, it was observed 
that the fully-loaded trailer combinations were less stable 
than the half-loaded or emp~y trailer combinations. 
The influnce of the acceleration parameters on the 
system stability was presented in Figures 3 - 6 . The 
results indicated that at the same acceleration level, the 
combination with the bigger capacity trailer was less stable 
than the combination with the smaller capacity trailer 
because the inertial force changed the weight distribution 
on each of the axles of the combination. The positive value 
of the acceleration was associated with the accelerating 
action while the negative value indicated braking action . 
The results showed negative accelerations caused the 
combination to be less stable than with positive 
acceleration, ev en though the absolute v alue was the same. 
The higher the acceleration magnitude, the greater was the 
influence on the stability of the combination. 
The radius of the curvature also influenced the 
stability of the combination. The centrifugal force 
produced a tilting moment which caused a weight shift in the 
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lateral direction. The weight decrease on the inner side 
wheel was equal to the weight increase on the outside wheel 
of each axle. Since the total steering power coefficient 
was nearly constant, the change in the magnitude of 
eigenvalues was not significant. 
Variation in combination design parameters 
This study assumed the motion of the combination 
occurred in a plane parallel to the supporting surface . 
Changes in dimensions in the l ongitudinal (fore -and- aft) 
directi~n was taken into account for the stability analysis , 
while changes in dimensions in vertical direction were 
.assumed not to influence the system stability unless the 
combination negotiated a turning action. 
The change in the distance between the center of 
gravity of the tractor and hitch point influenced the 
stability of the system, as shown in Figures 9 - 12. The 
results showed that increasing the distance between the 
hitch point and the center o f gravity of the tractor reduced 
the stability of the system because the backward movement of 
the hitch point affected the weight distribution between the 
front and rear axles of the tractor. 
The variation in the location of the centers of gravity 
of both the tractor and the trailer was simulated. The 
results were shown in Figures 13 - 18. The backward 
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movement of the center of gravity of the tractor and the 
forward movement of the center of gravity of the trailer 
reduced the stability of the system due to the increase of 
rear wheel vertical loading. 
The change of the wheel base of the tractor was 
simulated. The results were shown in Figures 19 - 22. The 
results showed that decreasing the wheel base while keeping 
the center of gravity of the tractor at the same location 
reduced the stability of the system. This was shown by the 
fact that the eigenvalues became positive at lower travel 
speeds when the wheel base was decreased. 
The eigenvalue analysis was able to detect whether the 
system was stable with certain set of vehicle operating 
parameters. The stability study of each generalized 
coordinate was conducted with time domain integration 
method. Under the stable conditions, the generalized 
coordinates changed at a slow rate or oscillated about the 
equilibrium position while under the unstable conditions, 
the general ized coordinates changed very rapidly and 
diverged quickly. 
Next, the differential equations of motion for the 
tractor-trailer combinations (JD 4020 tractor with the 
attached 425A or 900T f ully- loaded trailer) were numerically 
integrated. Some of the simulation results are shown in 
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Figures 23 - 26. A listing of the numerical results from 
one of the simulation runs is found in Appendix D. 
Figure 23 showed that the JD 4020 tractor with the 
fully-loaded 425A trailer was stable when the combination 
had a n initial forward speed of 5 m~ter per second (m/ s), a 
steering angle of zero degree, and a relative angle of five 
degrees between the centerlines of the tracto r and the 
trailer . Figure 24 showed that the same combination was 
stable when the combination was operating at the same 
forward speed, a steering angle of fi v e degrees and a 
relative angle of zero degrees between the centerlines of 
the tractor and trailer. 
Figure 25 showed the JD 4020 tractor with the fully-
loaded 900T trailer was stable when the combination had an 
initial forward speed of 8 m/s, a steering angle of zero 
degrees, and a relative angle of fi v e degrees between the 
centerlines of the tractor and the trailer. The combination 
oscillated about the equilibrium position. 
The combinations became unstable at high forward 
speeds. In Figure 26, the JD 4020 tractor with the 900T 
fully- loaded trailer became unstable when the combination 
had an initial forward speed of 12 m/ s , a steering angle o f 
five degrees, and a relative angle of zero degrees between 
the centerlines of the tractor and the trailer. 
60 
SUMMARY AND CONCLUSION 
A computer simulation program was dev eloped to 
simulated the stability of agricultural tractor- trailer 
combinations. The program computed both the eigenvalues and 
the time- domain response of the differential equations of 
motion for the tractor-trailer combinations. The equations 
were linearized to study the dynamic response of the 
combination, i.e. small oscillatory steady state about the 
static equilibrium position of the system. 
Based on the computer simulation results, it was found 
that the dynamic behavior of tractor- trailer combinations 
was influenced by different factors . The v ariation of the 
ratio between the weight of the tractor and the weight of 
the trailer had a significant influence on the system 
stability, as well as the variation of the physical 
dimensions of both tractor and trailer. The negative 
accelerations associated with the braking action had a 
greater influence on the combination than did the positive 
accelerations. Reducing the radius of curvature made the 
combination less stable due to weight shifting in lateral 
direction. 
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APPENDIX A: COMPONENTS OF COEFFICIENT MATRIX 
The matrix and vector components of Equation (39], 
[M] {X} + [CJ {Xj + [K] {Xl = {F} I 
were: 
m(l,l) = Mt + M s 
m(l,2) = -M c s 
m(l,3) = - M d s 
m(2,l) = -M c s 
m{2,2) = rt + M e 2 s 
m{2,3) = M cd s 
m(3,l) = -M d s 
m{3,2) = M cd s 
m(3,3) = I + M d 2 s s 
c(l,l) = (cf + c + cs)/Vx r 
c{l,2) = (M + Mt)Vx + ( acf be - cc )/V s r s x 
c(l,3) = -sc /V s x 
c{2,l) = (acf - be - cc )/V r s x 
c(2,2) = -M cV + (a2 c + b 2 c + c 2 c s)/Vx s x f r 
c(2,3) = csc /V s x 
c(3,l) = -sc /V s x 
c(3,2) = -M dV + csc /V s x s x 
c(3,3) = s 2 c s /Vx 
90 
k(l,l) = k(l,2) = 0 
k(l,3) = R - c s s 
k(2,l ) = k( 2 ,2) = 0 
k(2,3) = -ck(l,3) 
~(3,1) = k(3,2) = 0 
k(3,3) = M dV + SC s x s 
fl = (cf - Rf)o 
f 2 = a(cf - Rf)o 
f 3 = 0 
x1 = v y 
x2 = wl 
x3 = w2 
x1 = v x 
x2 = wl 
x3 = w2 
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APPENDIX B: HOMOGENEOUS EQUATION FOR EIGENVALUE 
DETERMINATION 
The matrix and vector components of Equation [45], 
[ IX - E l {X} = {OJ I 
were: 
I = diagonal [l,l,l,l] 
E(l,l) = Mt + M s 
E(l,2) = - M s c 
E(l,3) = - M d s 
E(l,4) = 0 
E(2,l) = - M c s 
E(2,2) = It + M c2 s 
E(2,3) = M cd s 
E(2,4) = 0 
E(3,l) = -M d s 
E(3,2) = M s cd 
E(3,3) = I + M d 2 s s 
E(3,4) = 0 
E(4,l) = E(4,2) = E(4,3) = 0 
E(4,4) = M + Mt s 
xl = v y 
x2 = wl 
X3 = w2 
x4 = 0 
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APPENDIX C: SIMULATION DATA FOR TRACTOR- TRAILER COMBINATIONS 
SIMULATION INPUT DATA FOR TRACTOR 
Parameters Jo hn Dee re 4020 
weight ( N) 39364.8 
Front tire: 
Rear ti re: 
Parameters 
Ws ( N) 
d (m) 
s (m) 
2d5 (m) 
h3 (m) 
Is ( kg -m2) 
Ti re: Pt = 
Pa rame te rs 
Ws ( N) 
d (m) 
s (m) 
2d5 (m) 
h3 (m) 
Is ( kg - m2) 
Ti re : Pt = 
a (m) 1. 693 
b (m) 0.853 
c (m) 1. 620 
hl (m) 0.832 
2d1 (m) 2.032 
2d3 (m) 2.032 
h2 (m) 0.382 
It ( kg-m2) 5573.9 
Pt = 206.82 kPa, Wd = 0.24 m. Dt = 0.47 m. 
Pt = 137.90 kPa, Wd = 0.78 m, Dt = 1. 65 m. 
SIMULATION INPUT DATA FOR THE TRAILERS 
(425A TRAILER) 
Empty Ha If I oad Fu I I I oad 
191 26.4 78447 . 8 127040 . 7 
2.89 3. 17 3.24 
3.43 3.43 3.43 
2.032 2.032 2.032 
1. 23 1. 30 1. 67 
4479 . 3 13028 . 4 21271. 7 
165.45 kPa, Wd = 0.47 m, Dt = 1. 45 m. 
( 900T TRAILER) 
Empty Ha I f I oad Fl•l 1 load 
47980 . 0 158881. 9 271676.7 
3.92 4 . 04 4. 16 
4.34 4.34 4.34 
3 .05 3 .05 3 . 05 
1.55 1. 45 1.82 
21446.2 46848.3 83312.6 
165.48 kPa, Wd = 0 . 59 m, Dt = 1. 60 m. 
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APPENDIX D: TIME DOMAIN INTEGRATION RESULTS 
94 
TIME DOMAIN INTEGRATION 
(4020-425 HALF LOADED TRAILER) 
----------------------------------------------------------------------
TI ME Xl X2 X3 X4 X5 X6 
SEC. 
x 4 x5 x6 
-----------------------------------------------------------------------
0.00 0.000000 
0.20 - 0.01?637 
0.40 - 0.028012 
0.60 - 0.042295 
0.80 - 0.056287 
1. 00 - 0.070283 
1. 20 - 0.084346 
1. 40 - 0.098476 
1. 60 - 0 . 112661 
1.80 -0. 126888 
2.00 - 0. 141147 
2.20 - 0. 155430 
2.40 - 0. 169736 
2.60 -0.184047 
2 . 80 - 0. 198371 
3.00 - 0.212704 
3.20 - 0.227042 
3.40 - 0.241383 
3.60 -0. 255729 
3.80 - 0.270077 
4. 00 - 0 .284427 
where V x 
values. 
0.000000 0.000000 0.000000 0 . 000000 0.000000 
-0.015662 0.002734 - 0.080524 -o. 118642 0.022198 
0.018615 -o. 186078 0 . 0441 08 
- 0 . 041587 0.007569 -0 .073276 - 0. 135748 0 . 024346 
0.027608 - 0.031031 -0.011183 
- 0.069108 0.012097 -0 .070259 - 0 .138614 0.020554 
0.005856 - 0 . 004544 - 0 . 022858 
- 0 .096872 0.0 15750 - 0 . 069862 - 0 . 138845 0.016034 
- 0.000597 0 . 000797 -0.021374 
-0 . 124615 0 . 018556 -0.0701 34 - 0. 138563 0.0 12168 
-0 .00 1778 0 . 001697 - 0.017189 
- 0.152294 0.020674 - 0.070490 - 0.138230 0.009 142 
- 0.001698 0 .001562 - 0.013182 
- 0.1799 11 0.022262 - 0.070803 - 0.137950 0.006844 
-0 .001302 0 . 001263 - 0.009950 
-0 .207478 0.023449 - 0.071034 - 0.137729 0.005116 
-0 . 001132 0.000944 -0.007450 
- 0.235006 0 . 024331 - 0.071228 - 0. 137564 0.003823 
- 0.000733 0.000731 - 0.005579 
-0.262506 0.025000 - 0 . 071363 -0.137439 0.002855 
- 0 .000578 0.000541 - 0.004166 
- 0.289984 0 .025495 - 0.07 1469 -o. 137346 0.002133 
- 0.000397 0.000414 - 0 .00311 3 
-o . 317446 0.025866 - 0.07 1483 - 0. 137265 0.001589 
-0.001121 0.000168 - 0.002278 
- 0.344895 0.026142 - 0.071591 - 0 . 137221 0.001189 
- 0 . 000378 0.000203 - 0.001728 
-o. 372335 0.026348 - 0.071649 - 0.137185 0.000889 
-0.000 117 0. 000178 - 0.00130 1 
-0.399769 0.026502 -0.071675 - 0 . 137154 0.000664 
- 0 . 000162 0.000122 - 0.000967 
- 0.427198 0.026617 - 0.071690 - 0.137132 0.000495 
-0. 000242 0.000074 - 0.000714 
- 0 . 454623 0.026703 - 0.071720 - 0.137117 0.000370 
- 0 . 000053 0.000073 - 0.000542 
- 0.482045 0.026768 -0.071723 -o. 137103 0.000276 
-0. 00017 1 0. 000037 - 0.000395 
- 0 . 509465 0.026816 -0. 071727 - 0. 137093 0.000205 
-0 . 000240 0.000012 - 0.000287 
- 0.536884 0.026852 - 0 . 071730 - 0.137086 0.000153 
-0. 000291 - 0.000007 - 0.000206 
5 . 0 m/ s, o 5.0°, o = 0.0° were the initial 
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TIME DOMA IN INTEGRATION 
(4 020-425 HALF LOADED TRAILER) 
-----------------------------------------------------------------------
T IME X1 X2 X3 X4 X5 X6 
SEC. 
X4 X5 x6 
----------------------------------------------------------------------
0.00 
0 . 20 
0.40 
0.60 
0.80 
1. 00 
l. 20 
1 . 4 0 
1.60 
1.80 
2.00 
2 .20 
2.40 
2.60 
2.80 
3.00 
3 . 20 
3 . 40 
3.60 
3.80 
4.00 
0.000000 0 . 000000 0 .087265 0.000000 
0. 00 15 39 - 0.001535 0.076078 0.005267 
- 0.063 416 
0.001488 - 0.00 1348 0.059400 - 0.0044 72 
- 0.027847 
0 . 000256 - 0.000140 0.045036 - 0.006981 
- 0.001633 
- 0.001104 0.001122 0 . 033819 - 0.006376 
0.005769 
- 0.002253 0.002171 0 . 025309 -0. 005105 
0.006489 
- 0.00315 1 0.002983 0.018918 - 0.003908 
0.0054 51 
- 0 . 003832 0.003599 0.014134 -0. 0029 41 
0.00 4175 
- 0.004 343 0.00406 1 0 . 010558 - 0.002205 
0.003182 
- 0 . 004726 0 . 004406 0.007886 - 0.001650 
0 . 0024 07 
- 0 . 0050 15 0.004664 0.005891 - 0.00 1207 
0.00 147 1 
- 0.005226 0 .004858 0.00 4400 -0 .000925 
0.001399 
- 0.005385 0.005002 0 . 003286 - 0.000705 
0.001221 
- 0.005509 0.005109 0 . 002455 - 0 . 0004 74 
0.000234 
- 0 . 005594 0 . 005 190 0.001833 - 0.000391 
0.000645 
- 0.00566 1 0.005250 0.00 1369 - 0.000285 
0.000395 
- 0 .0057 11 0.005295 0. 001023 - 0.000210 
0 . 000256 
- 0.005748 0 .005328 0 .000764 -0.00016 1 
0.000241 
-0 .005775 0 .0053 5 3 0 . 0 00571 - 0 . 000 i25 
0.000249 
- 0.005796 0 . 005372 0 .000426 - 0.000093 
0. 0001.78 
- 0.005816 0.005385 0.0003 19 - 0.000015 
- 0.000571 
where V = 5.0 m/ s, 6 = 0.0°, l 
x 
v alues . 
0.000000 0 . 000000 
- 0.004399 - 0 . 082558 
0.066306 - 0 . 08 1923 
0 . 004732 - 0 . 079476 
0.023106 0.067829 
0 . 006592 - 0.063785 
-0. 00008 5 0.080525 
0.005849 - 0 . 048814 
-0. 005808 0 . 067805 
0 . 004630 -o. 036779 
- 0.005988 0.052708 
0 . 003530 - 0 . 027561 
- 0.004923 0.0399 49 
0.002659 - 0 . 0206 11 
- 0.003822 0.030002 
0 .001992 - 0 .015401 
- 0 . 00289 1 0 .022451 
0.00 1489 - 0 .011505 
- 0.002168 0 .016780 
0. 00 l 114 - 0.008597 
- 0.001646 0.012569 
0.000831 - 0.006419 
- 0 . 00 1207 0.009360 
0.000619 -0.00479~ 
- 0 . 000887 0.006975 
0.000467 - 0 . 003585 
- 0 . 00072 3 0 . 005271 
0 . 000346 - 0.002674 
- 0 . 000506 0.003891 
0 . 000259 - 0.001998 
- 0.000382 0.002916 
0. 000 194 - 0.001493 
- 0.000288 0.002182 
0.000 144 - 0.00111 5 
- 0 .000209 0.001626 
0.000 107 - 0 . 000832 
- 0 . 000147 0.001209 
0.000080 - 0.000622 
- 0 . 0001 10 0.000904 
0.000068 - 0.000468 
- 0.000 185 0.000723 
5 . 0° were the initial 
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TI ME DOMAIN INTEGRATION 
(4020 - 900 FULLY LOADED TRAILER) 
-----------------------------------------------------------------------
TI ME Xl X2 X3 X4 X5 X6 
SEC. 
X4 xs x6 
-----------------------------------------------------------------------
0.00 0.000000 0.000000 0.087265 0.000000 0.000000 0.000000 
0 . 20 0 . 00 1159 - 0.000977 D. 085169 0 . 0 11657 - 0.008742 - 0.020893 
0.055243 - 0.0294 08 - 0. 1D2859 
0 . 40 0.004432 - 0.003157 0.078987 0.020148 - 0.0 123 14 - 0 . 040598 
0.027523 - 0.007142 - 0.0928 12 
0.60 0.008793 - 0.005634 0.069118 0.0223 4 7 - 0.011856 - 0.057501 
-0 .005475 0 . 0 11146 - 0 . 075048 
0.80 0.012944 - 0.007679 0 . 056267 0 . 0 18157 - 0.008097 - 0.0702 14 
- 0 . 035557 O.D25805 - 0.05 1254 
1. 00 0.015694 - 0.008704 0.041378 0.008544 - 0.00 1811 - 0.077751 
- 0.059276 0.036338 - 0.023689 
l . 20 0 .016098 - 0.008292 0.025546 - 0 . 005024 0.006129 - 0.079605 
- 0 . 074957 0.042290 0 . 0051 43 
1. 40 0 .013534 - 0.006205 0.009916 - 0 . 020850 0.0 14790 - 0.075775 
-0 . 08 1802 0.043546 0 . 032757 
1. 60 o. 007726 - 0.002390 - 0.004416 - 0.037160 0.023249 - 0 . 066736 
-0. 079897 0.040326 0.056884 
l . 8 0 - 0.00 1250 0 . 003025 - 0.016490 -0 .05227 1 0 . 030661 - 0.053380 
-0. 069957 0 . 0332 10 0.075656 
2.00 - 0.013003 0.009758 -0.025560 -0 .064701 0.036328 - 0 . 036921 
- 0.0533 9 3 0 . 023035 0 . 087735 
2.20 - 0.026874 0.017405 -0.031146 - 0.073303 0.039742 - 0 . 018781 
- 0 . 03197 8 0.010865 0.092402 
2 . 40 - 0.0420 17 0.025485 - 0 . 03306 1 - 0.0773 14 0 . 040617 - 0 . 000461 
- 0.007886 - 0.002157 0 . 089580 
2.60 - 0.057473 0.033 4 79 - 0.03 141 6 - 0.076420 0.038902 0.016587 
0.0 16699 - 0.014854 0.079819 
2.80 - 0.072266 0 .040884 - 0.026597 - 0 . 070742 0.034770 0 .031 076 
0 . 039630 - 0.026151 0.064213 
3.00 - 0.085485 0 . 0 4 7250 - 0 . 0 19225 - 0 . 060807 0 . 028596 0 . 041983 
0 . 059003 - 0.03514 1 0.044286 
3.20 - 0.096362 Q.052221 - 0.010089 - 0 . 04 7482 0.0209 12 0.048623 
0.073290 - 0 . 041 160 0.021849 
3.40 - 0. l 0 4 327 0.055557 -0 . 000081 - 0 . 03 1894 0.012358 0.050685 
0 . 08 1510 - 0.0438 10 - 0.001161 
3.60 - 0.10905 1 0.057 152 0.009884 - 0 . 015326 0.0036 17 0.048246 
6 . 057038 
0.083290 -0. 042976 - 0.022847 
3.80 -0.110472 0 . 0 18946 0 . 000947 -0. 004627 0.041746 
0.078524 - 0.0389 15 - 0.041519 
4.00 - 0. 108772 0.055376 0 . 026362 0 . 0 15675 - 0.0 11769 0 . 03193 1 
0 . 067997 - 0 . 032047 - 0 . 055797 
where Vx = 8.0 rn/ s, o = 0.0°, r = 5. 0° we re the initial 
values. 
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T IM E DOMAIN INTEGRATION 
(4020- 900 FULLY LOAOED TRAILER) 
-------------------------------------------------------------- ------------TIME Xl X2 X3 X4 X5 X6 
SEC. 
x6 X4 X5 
--------------------------------------------------------------------------
0 . 00 0.000000 0.000000 0 . 000000 0.000000 0.000000 0 .000000 
0 .20 -0 .009027 -0.016320 0.000890 - 0.025 176 -o. 153752 0.007396 
0.707973 -0.655381 0.007973 
0. 40 0.006544 - 0.059586 0.001922 0.207231 -o. 277083 - 0.000398 
1.509628 - 0.598220 - 0 . 09 1202 
0 . 60 0.081241 -o. 127005 - 0.000755 0.552982 - 0.397618 - 0.030325 
1.910400 - 0.612800 - 0 .209535 
0 .80 0 . 23 1879 - 0.218986 - 0.0 11 820 0. 961715 - 0 . 523234 - 0.084336 
2.160850 - 0.643893 - 0.329901 
1. 00 0 . 468709 -0 .336709 - 0 .036050 1.412429 - 0 . 654922 -o. 161694 
2.336 162 - 0 . 67 1564 - 0 .441459 
1 . 20 0.798804 - 0.48 1255 - 0.07788 1 1 .892420 - 0. 791 102 - 0.259763 
2.454996 - 0.687921 - 0.535694 
1. 40 1 . 226903 - 0.653272 -0.141 058 2.390723 - 0. 9291 17 - 0.374338 
2 . 518485 -0. 689682 - 0.605456 
1. 60 1.755556 - 0 .852822 - 0 . 228352 2 . 896045 - 1.065903 - 0. 499918 
2.52495 1 - 0 . 675515 - 0.644890 
1. 80 2 . 385016 -1. 079339 - 0.341 326 3.396829 -1 . 198266 - 0.629984 
2 .473203 - 0.645564· - 0.649747 
2 . 00 3 .1 132 15 -1. 3 31629 - 0 .480167 3.881552 -1 .323157 - 0.757349 
2.364866 - 0.60 1092 - 0. 617654 
2.20 3 .935838 -1.607923 - 0 . 643589 4. 339334 -1.437884 -0 .87456 1 
2 . 204999 - 0 . 544366 - 0.548360 
2 .40 4.846515 -1 .90596 1 - 0.828828 4. 760663 - 1.540299 - 0.974342 
2.001953 - 0.478580 - 0 . 443875 
2 .60 5.837166 - 2 . 223 125 -1. 0317 18 5. 138005 -1 .628974 -1. 050046 
1. 7673 40 - 0. 407670 - 0.308478 
2 .80 6.898452 - 2 . 556594 -1 .246866 5 . 4664 34 - 1. 703327 - 1.096099 
1. 515332 -0.336155 -0.148602 
3.00 8.020348 - 2.903523 -1.467905 5 . 744062 -1.763717 -1 .108408 
1 . 26212 1 - 0 . 268859 0.027437 
3.20 9 . 192782 -3 .261238 -1 .687825 5.972358 -1.811478 -1. 08470 1 
1.024979 - 0 . 2 10654 0. 209831 
3.40 10.406329 - 3.627424 - 1 . 899368 6.156281 -1. 848896 - 1 . 024774 
0.821230 - 0.166171 0. 387780 
3.60 11.652891 -4. 0003 18 - 2 . 095452 6.304176 - 1.879 135 - 0.930633 
0.667279 - 0 . 139492 0.550 102 
3.80 12 . 926358 -4. 378860 - 2 . 2696 19 6.427483 -1. 906098 - 0.806505 
0.577570 - 0. 133858 0.68588 4 
4.00 14.223174 -4. 762833 - 2. 41 6472 6.540255 -1 .934228 - 0 . 6587 16 
0.56341 6 - 0.15 1454 0.785 172 
where V x 12.0 m/ s, o = 5.0°, r = 0.0° were the 
initial values . 
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SECTION III: COMPUTATION OF INERTIAL PROPERTIES FOR A 
GENERALIZED MACHINE 
99 
INTRODUCTION 
The basis of any computer- aided design is a 
mathematical representation within the computer to describe 
the component or system. In the design stage, suitable 
mathematical models are needed to investigate the dynamic 
behavior of vehicles and machinery. These models demand 
empirical relationships and parameters to adequately predict 
the response of the vehicle . 
This section discussed the development of a program to 
compute the inertial properties of a generalized machine, 
such as an agricultural implement. The program consisted of 
a simple solid geometric modelling system to compute the 
center of gravity, the mass, and the moments and products of 
inertia for the machine. 
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ANALYTICAL APPROACH 
The inertial properties of a general ized machine system 
were obtained by summing the properties of individual 
geometric primitive elements together (Fabrikant et al., 
1984; Wilson and Farrior, 1976). Each element was assumed 
to be homogeneous, therefore, the mass of the element was 
the product of its vo lume and mass density. The parallel 
axis theorem from engineering mechanics was used to transfer 
the moments and products of inertia for each element with 
respect to the centroid of the element to its inertial 
properties with respect to the centroid of the machine. The 
rotation of the element resulted in the v ariation of the 
moments and products of inertia with respect to the global 
reference coordinate system. For this study , a simple solid 
geometric modelling system computer program was used to 
model the generalized machine. 
Development of the program algorithm 
The purpose of this program was to compute the inertial 
properties for a generalized machine, as shown in Figure 1. 
Initially , a reference point, arbitrarily p ositioned on the 
machine, was selected. The machine was then resolved into, 
or modelled as, a series of primitive elements with 
different shapes, positions, and orientations . Each of the 
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elements was assumed to be homogeneous, and to be 
approximated as one of the four basic solid geometric 
primitives: (1) the rectangular prism, (2) the solid 
cylinder, (3) the rectangular tube, or (4) the cylindrical 
tube. 
The mass of each element was the product of its volume 
and mass density. The center of gravity of each element was 
located at its centroid because it was symmetric and had 
homogeneous properties. For each element, a body coordinate 
system, (x. ,y. ,z . }, was located with its origin at the mass 
l l l 
center of the element. Then, three mutually perpendicular 
axes were defined as the principal axes for the element. 
The t ota l weight of the machine was obtained by summing 
the weights for each element together. The center of 
gravity of the entire machine was determined by summing the 
contribution of each element on the machine. A global 
reference coordinate system, (XYZ), was then defined with 
its origin located at the center of gravity of the machine. 
The X-axis was in the fore-and-aft, or longitudinal, 
direction; the Y-axis was in the transv erse, or lateral, 
direction; and the Z-axis was in the v ertical direction. 
The inertia properties, such as moments and products of 
inertia for the entire machine, were computed with respect 
to the global reference coordinate system. The parallel 
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axis theorem was used to transfer the moments and products 
of inertia for each element with respect to the element 
centroid to its inertial properties with respect to the 
centroid of the machine. For the element with its principal 
axes being rotated with respect to the global reference 
coordinate system , the magnitudes of moments and products of 
inertia for the element were transformed from the body 
reference system to the global reference system, 
accordingly. 
Moments and products of inertia f o r primitive elements 
For the different geometric elements, the equations for 
comput~ng the moments and products of inertia were derived 
from engineering mechanics theory (Goodman and Warner, 1964; 
Higdon et al., 1978; Pletta and Frederick, 1964). The 
moments and products of inertia for any generalized rigid 
body were: 
I = JM(y2 + z 2 )dm [ l] x 
I = ~(x2 + z 2 )dm [ 2] y 
I = JM(x2 + y2 )dm [ 3 ] z 
I xy = JMxy dm [ 4 ] 
I = JMxz xz dm [ 5] 
I yz = JMyz dm [ 6 J 
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where I was the moment of inertia of the element about the x 
x-axis; Iy was the moment of inertia of the element about 
the y- axis; I was the moment of inertia of the element z 
about the z-axis; I was the product of inertia of the xy 
element referring to the x, y axes; I was the product of xz 
inertia of the element referring to the x, z axes; I was yz 
the product of inertia of the element referring to the y, z 
axes; and dm was the mass of a particle in the rigid body 
located in the solid geometric primitive. The following 
four solid geometric primitives were implemented into the 
computer program . 
Rectangular prism The rectangular prism was the 
most encountered solid geometric primitive for land vehicle 
machinery. Three mutually perpendicular axes were defined 
as the principal axes of the body, as shown in Figure 2(a). 
Variables, a, b and c, were the respective dimensions of the 
prism in the x, y and z directions of the body coordinate 
system. The mass of the prism was defined by the variable, 
M. 
After substituting these variables for the rectangular 
prism into Equations (1] - [3], and integrating these 
equations, the moments of inertia were: 
[ 7 l 
I 
y 
M (a2 + c 2 ) / 12 
I = M (a2 + b 2 ) / 12 z 
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[ 8] 
[ 9 ] 
The products of inertia for the rectangular prism were zero 
because the body was symmetric about the body coordinate 
system. 
Rectangular tube Three mutually perpendicular axes 
were defined as the principal axes for the rectangular tube, 
as shown in Figure 2(b). Variables, a , b, and c, were the 
three resp ectiv e dimensions of the tube in x, y and z 
directi ons of the body coordinate system. The va r iable, d, 
was the thickness of the tube wall, while the v ariable , p, 
was the mass density of the tube. When the major axis of 
the tube was orientated in the x -direction of the body 
coordinate system, the moments of inertia were: 
I adp((b 3 + c 3 ) + (b + c)(d 2 + 3bc)) / 6 [10] x 
I = adp (c( a 2 + c 2 ) + b(a 2 + d 2 ) + 3bc 2 ) / 6 [11] y 
Iz = adp(b(a2 + b 2 ) + c(a 2 + d 2 ) + 3b 2 c) / 6 [12] 
Due to symmetry, the products of inertia for the tube were 
zero. 
When the major axis of the tube was orientated in the 
y - direction, the moments of inertia were: 
I x bdp(c(b
2 + c 2 ) + a(b 2 + d 2 ) + 3ac 2 ) / 6 r 13 1 
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I = bdp((a 3 + c 3 ) + (a+ c)(d2 + 3ac)) I 6 [14] 
y 
I = bdp(a(a 2 + b 2 ) + c(b2 + d 2 ) + 3a2 c) I 6 [15] 
z 
Again due to symmetry, the products of inertia for the 
tube were zero. 
Similarly, when the major axis of the tube was 
orientated in the z - direction of the body coordinate system, 
the moments of inertia were: 
I = cdp(b(b 2 + c 2 ) + a(c 2 + d 2 ) + 3ab2 )) / 6 [ 16] x 
Iy = cdp(a(a 2 + c 2 ) + b(c 2 + d 2 ) + 3a 2 b)) / 6 [17] 
I = cdp((a 3 + b 3 ) + (a+ b)(d2 + 3ab)) / 6 [18] z 
Again due to symmetry, the products of inertia were zero. 
Solid cylinder Three mutually perpendicular axes 
were defined as the principal axes for the solid cylinder, 
as shown in Figure 3(a). The radius of the cylinder was 
defined by the variable, R. The mass of the body was 
defined by the variable, M, while the variable, L, was the 
length of the cylinder as measured along the major axis of 
orientation. The moments of inertia were: 
[ 19 J 
[20] 
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where 
1 = X, y, Z; 
2 y, Z, X; 
3 Z, X, y. 
where 1
1 
was the moment of inertia about the axis of 
orientation, and 1
2
, 1
3 
were the moments of inertia about 
the two axes perpendicular to the axis of orientation. The 
products of inertia for the cylinder were zero because the 
cylinder was symmetric about the body coordinate axes. 
Cylindrical tube The variables, R and r , were used 
to define the out-side and inner-side radii of the 
cylindrical tube, respectively, while the v ariable, L, was 
the length of the cylindrical tube, as measured along the 
major axis of orientation, as shown in Figure 3 (b). The 
orientation could be in x, y and z directions, respectiv ely. 
The variable, M, was the mass of the tube. The whole tube 
was assumed to be homogeneous. The moments of inertia for 
cylindrical tube were: 
11 = M(R2 + r2) I 2 ( 21 ] 
12, 13 = M(L 2 +3R 2 + 3r2 ) I 12 ( 22 ] 
where 
1 = X, y, z; 
2 = y, Z, x· I 
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3 = z, x, y. 
where r 1 was the moment of inertia about the axis of 
orientation, and r 2 and r 3 were the moments o f inertia about 
the two perpendicular axes of the body coordinate system. 
The products of inertia for the tube were zero because the 
tube was symmetric about the body coordinate axes. 
Inertia p r operties of ~ generalized machine 
A reference point was selected in order to determine 
the center of gravity of the machine. The positive and 
negative signs were u sed to indicate the direction of each 
element from the reference point. The center of gravity was 
computed in relation to the reference point by using the 
following equations : 
x = p:m.x.) I ( Emi), i = l , 2, n [ 23] 1 1 • • • • • I 
y (i:miyi) I (Em•) f i = 1, 2, n [ 24] 1 . . ... , 
z = ( i:m. z . ) I (i:m.), i = l , 2, n f 25] 1 1 1 ..... ' 
where xi' y. and z . 1 1 were the position of center of gravity 
f o r the ith element with respect to the reference point; the 
mass of each element, m., was the product of its vo lume and 
1 
the mass density; and n was the total number of the elements 
used to model the machine . 
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After determining the center of gravity of the machine, 
a new reference coordinate system was introduced with its 
origin located at the center of gravity. The inertia 
properties of the entire machine with respect to this 
reference coordinate system were computed with the following 
equations: 
I = I ( I . + m. (y . 2 + zi2)), i l, 2 I n [26] • • • • I x xi l 1 
I = L( I . + m. (x . 2 + z . 2)), i = l, 2 I n [2 7] • • • • I y yi l l l 
I = I ( I . + m. ( x. 2 + yi2)), i = l, 2 I n [28] • • • • I z Zl l l 
I Im . x.y., i = xy l l l 1, 2 I • • ••I n 
(29] 
I = Im . x . z . , i = 1, 2, ••••I n [ 30] xz l 1 l 
I = Imiyizi' i = 1 I 2 , n [ 3 1 l yz • • • • I 
The products of inertia for each element with respect 
to its own body coordinate system were zero due to symmetry 
of the element. The products of inertia for the entire 
machine were obtained by summing the products of element 
masses and the distances from the ith element centroid to 
the center of gravity of the machine. 
When the element wa s rotated about the 3 perpendicular 
axes of the coordinate system (X, Y, Z), the moments and 
products of inertia were transformed with the Euler 
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transformation matrix, accordingly. The variable, a:, was 
used to represent the Euler angle of rotation of the ith 
element about the global X-axis. The transfo r med moments of 
i nertia for the e lement we r e : 
I' = I [ 32] xi xi 
I' = I . cos 2 a + I .sin2 a: + 2I .sina:cosa: [ 33 ] yi yi Zl. yzi 
I I = I . sin2 a + I . cos 2 a 2I . sina:cosa [34] zi y1 Zl. yz1 
Similarly, the variable, e, was used to represent the 
Euler angle of r otation of the ith element about the global 
Y- axis . The t r a n sformed moments of inertia for the element 
were : 
I ' = I .cos 2 e + I .sin 2 e - 2I .sinecose [ 35] xi Xl Zl XZ1 
I I = I [3 6) yi yi 
I' = I . sin2 e + I . cos 2 e + 2I . sin lkose [ 37) zi Xl Zl. XZ1 
Finally, the variable, rp, was used to represent the Euler 
angle of rotation of the ith element about the global z-
axis. The transformed moments of ine r tia for the element 
were : 
I ' . = I . cos 2 rp + I . sin2 rp + 21 . sinipcosrp xi xi yi. xyi. [ 38 ) 
I ' . I . sin 2 ip + I . cos 2 ip - 2I . sinipcosip 
Yl. Xl. Yl XYl. [ 39 ] 
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I' . = I . 
Z1 Zl 
[40 ] 
Equations [32] - [40] were the generalized equations for 
computing moments of inertia of the primitive elements when 
rotated about the global reference coordinate system. 
Since the products of inertia for each primitive 
element were equal to zero due to symmetry properties , 
Equations [32] - [40] were simplified. For a symmetric 
element rotated about the global X-axis, the moments of 
inertia were: 
I I 
xi = I xi [ 41 ] 
I I = I . cos 2 cx + I .sin2 cx [ 42 ] yi yi Zl 
I I 
zi I . sin
2 cx + I . cos 2 cx [ 43 ) yi Zl 
Similarly, for a symmetric element rotated about the 
global Y-axi s, the moments of inertia were: 
I I 
xi I . cos
2 e + I . sin2 e 
Xl Zl 
I' 
yi I yi 
I I 
zi I . sin
2 e + I .cos2 13 
Xl Zl 
Finally for a symmetric element rotated about the 
global Z-axi s, the moments of inertia were: 
I I . = 
Xl 
[ 44] 
[ 45] 
[ 46 ] 
[ 47] 
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(48] 
I I . = I . 
Zl Zl 
(49] 
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ILLUSTRATIVE EXAMPLE 
This simulation program was used to obtain the i nertial 
properties of agricultural trailers with different loading 
conditions for this simulation study. The program was 
validated by comparing the computed results with the data 
obtained from the relevant manufacturer. 
A single axle trailer , (Model 425A, manufactured by 
Parham Industries, Inc., Claremore, Oklahoma), was used to 
illustrate the procedure for computing the inertial · 
properties of this machine with this compute r program. 
Initially, the hitch point was selected as the 
reference point. The entire machine was then resolv ed into 
14 homogeneous primitive elements, as shown in Figure 4 . 
The positi on of each element was determined with respect to 
the hitch point . 
For each element, a body coordinate system was 
introduced, then the inertial properties were compu ted with 
respect to its own body coordinate system. The weight of 
each element was the product of its volume and the specific 
~eight. 
The total weight of the machine was obtained by summing 
the weight of each of the 14 elements. The center of 
gravity of the machine was determined with respect t o the 
hitch point. A global reference coordinate system was then 
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defined with its origin located at the center o f gravity of 
the machine. The inertial properties of the machine was 
obtained by summing relative values for each of the 14 
elements . The parallel axis theorem and Euler 
transformation matrix were then used . 
The output information, as well as the input data, for 
this illustrative example is found in the Appendix. 
The output information for the trailer was compared 
with the information stated in the manufacturer's product 
literature. The difference between the computed empty 
weight and manufacturer's stated empty weight was less than 
two percent of relative error, i.e., 1955.02 kg (computed) 
compared to 1950.48 kg (actual). No comparison was made 
with the moments and products of inertia for the trailer 
because the trailer was not av ailable for experimental 
measurement. The computed inertial properties were accepted 
because there was good correlation between the actual and 
computed empty trailer weights. 
As a check, three trailers from the same manufacturer 
were modelled. The results from these simulations showed 
that the computed empty trailer weights were within two 
percent relative error of the stated empty traile r weights. 
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SUMMARY AND CONCLUSION 
A simple solid geometric modelling computer program was 
developed to compute the inertial properties for a 
generalized machine. These computed inertial properties 
were to be used in another computer simulation program to 
predict the dynamic behavior of the machine system . 
An agricultural implement was modelled to illustrate 
the use of the modelling program. It was critical that the 
machine and its components be modelled with a sufficient 
number of primitive elements to obtain good correlation 
between the computed values and the actual experimentally 
measured values for the machine . An approximation was 
needed for machine components with irregular shapes and/ or 
non-homogeneous properties. 
115 
REFERENCES 
Fabrikant, V. T., V. Latinovic and T. S. Sankar. 1984. 
Integration on the graphics screen. Computers in 
Mechanical Engineering 3(1):47-53. 
Goodman, L . E. and W. H. Warner. 1964 . Statics and 
dynamics. Wadsworth Publishing Company, Inc., Belmont, 
California. 
Higdon, A., E. H. Ohlsen, W. B . Stiles, J. A. Weese and W. 
F. Riley . 1978. Mechanics of materials. John Wiley 
and Sons, New York . 
Pletta, D. H. and D. Frederick . 1964. 
mechanics, statics and dynamics. 
Company, New York. 
Engineering 
The Ronald Press 
Wilson, H. B. and D. S. Farrior. 1976. Computation of 
geometrical and inertial properties for general areas 
and volumes of revo luti on . Computer-Aided Design 
8(4):257 - 263 
FIGURE 1. 
116 
INITIALIZATION 
DO FOR EACH ELEM~NT 
COMPUTING WEIGHT AND MASS 
ACCUMULATING MASS CONTRIBUTION 
EFFECTES OF ROTATION 
1' x ,1'y,1 1 z 
DETERMINING CENTER OF GRAVITY 
COMPUTING MOMENTS AND PRODUCTS 
ABOUT GLOBAL REFERENCE 
SYSTEM 
OUTPUT OF THE RESULTS 
STOP 
Flow chart of the computation procedure 
for determining the inertial properties 
of a generalized machine 
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APPENDIX: COMPUTATIONAL VALUES FOR A SPECIFIC TRAILER 
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GENERAL I ZED MACHINE INPUT DATA 
NE LABEL TYPE RAS x y z ANG 
1 UPPER BOX 23 0 -1 32.00 0.00 -60.00 o.oo 
2 FRONT WALL 11 0 - 56.00 0.00 - 21 . 00 0 . 00 
3 LEFT WALL 11 1 -120 .00 -44. 00 -28.00 -30 . 00 
4 RIGHT WALL 11 1 -120.00 44 . 00 -28.00 30.00 
5 REAR WALL 11 2 - 200.00 0.00 -28.00 30.00 
6 LOW BOX 23 0 -120 .00 o.oo -11. 00 0.00 
7 BOTTOM 11 0 -120.00 0.00 0.00 0.00 
8 LEFT WHEEL 32 0 -140.00 - 43.60 0.00 0.00 
9 RIGHT WHEEL 32 0 -140.00 43.60 0 . 00 0.00 
10 AUGER 33 0 -53 . 00 0.00 - 70.00 0 . 00 
11 LEFT DRAWBAR 21 3 - 60.00 - 18 .70 0.00 10.00 
12 RIGHT ORAWBAR 21 3 - 60.00 18.70 0 . 00 - 10.00 
13 UPPER LOAD 11 0 -132.00 0.00 - 60 . 00 0.00 
14 LOWER LOAD 11 0 -120.00 0.00 -11 . 00 0.00 
NE XL YW ZH RO RI THK DSN 
1 148.00 95.00 50.00 0.00 0.00 0.20 0.283 
2 0.50 80.00 12.00 o.oo· 0.00 0.00 0.283 
3 132.00 0.20 23.20 0.00 0.00 0.00 0.283 
4 132.00 0.20 23.20 0.00 0.00 0.00 0.283 
5 0.20 75.00 32.00 0.00 0.00 0.00 0.283 
6 118.00 66.00 30.00 o.oo 0.00 0.30 0.283 
7 118 .00 55.00 0.43 0.00 0 . 00 0.00 0.283 
8 0.00 0.60 0.00 2 1. 00 0.00 0.00 0. 100 
9 0.00 0.60 0.00 2 1. 00 0.00 0.00 0. 100 
10 0.00 o.oo 155.00 5.00 4.90 o.oo 0.283 
11 106.00 6.00 6 . 00 0.00 0.00 0.20 0.283 
12 106.00 6.00 6.00 0.00 0.00 0.20 0.283 
13 148.00 95.00 50.00 0.00 0 . 00 0 . 00 0.026 
14 118.00 66.00 30.00 0.00 0.00 0.00 0.026 
EXPLANATION OF SYMBOLS 
X, Y and Z were the centroid posit ion of each element relative 
to the reference coordinate frame. 
XL, YW and ZH were the t hree dimens ions of each element with 
respect to the body coordinate system. 
ANG was the rotational angle about the global reference a x is. 
RO and RI was the outside and inside radius of the cylindrical 
tube. 
THK was the thickness of the rectangular tube. 
DSN was the mas s dens ity of each element. 
TYPE was the type of the pr imitive element: 
11 - rectangular prism; 
21, 22 and 23 rectangular tube with orientation in X, Y and 
Z direct ion , respectively; 
31, 32 and 33 - cyl indr lcal tube and sol id cylinder with 
orientation in X, Y and Z direction, respectively. 
RAS was the indicator of rotational ax is: 
1 - the element rotated about X-a x is; 
2 - the element rotated about Y- a x is; 
3 - the element rotated about Z-a x is ; 
0 - no rotation. 
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ELEMENT MOMENTS OF INERT IA 
ABOUT THE CENTROID OF THE ELEMENT 
ELEMENT NO. 1 EI X= 6682.59 EIY= 12324 .66 EIZ= 17523.45 
ELEMENT NO. 2 EIX= 191.80 EIY= 4 .23 EIZ= .187.59 
ELEMENT NO. 3 EIX= 20. 13 EI Y= 671.77 EIZ= 651. 65 
ELEMENT NO. 4 EIX= 20. 13 EIY= 671. 77 EIZ= 651. 65 
ELEMENT NO. 5 EI X= 194.88 EIY= 30.01 EIZ= 164 . 87 
ELEMENT NO. 6 EI X= 2192.88 EIY= 5018.11 EIZ= 6846.96 
ELEMENT NO. 7 EIX= 509.51 EIY= 2345.17 EIZ= 2854.62 
ELEMENT NO . 8 EI X= 23.74 EIY= 47.45 EIZ= 23.74 
ELEMENT NO. 9 EI X= 23.74 EIY= 47.45 EIZ= 23.74 
ELEMENT NO. 10 EI X= 711. 54 EIY= 711 . 54 EIZ= 8.65 
ELEMENT NO. 11 EI X= 4.48 EIY= 351.32 EIZ= 351. 32 
ELEMENT NO. 12 EI X= 4.48 EIY= 351. 32 EIZ= 351.32 
ELEMENT NO. 13 EIX= 45277.25 EIY= 95873.84 EIZ=121508.03 
ELEMENT NO. 14 EI X= 6862.56 EIY= 19355.14 EIZ= 23867.51 
MOMENTS ANO PRODUCTS OF INERTIA 
ABOUT THE CENTROID OF THE SYSTEM (LB-IN .-SEC2) 
NE WEIGHT IX IY IZ IXY IXZ IYZ 
1 1375.38 7512.09 13226.41 17595.71 0.00 244.83 0 . 00 
2 135.84 389 . 99 2000.25 1985 . 42 0.00 596.92 0.00 
3 173.33 1014.72 817 . 69 1550 . 75 -1 48.01 56.30 - 330.52 
4 173.33 1014.72 817. 69 1550.75 148.01 56.30 330.52 
5 135.84 285.91 1977 .50 2021.32 0.00 - 426.84 0 .00 
6 937.30 4955.23 7916.80 6983.30 0.00 613.69 0.00 
7 780.58 4554 . 69 6503.89 2968. 16 0.00 677.72 0.00 
8 83.13 863.67 511 . 88 466.54 117. 35 - 120.41 - 419.83 
9 83. 13 863.67 511 . 88 466 . 54 -11 7.35 -1 20 .41 419.83 
10 136.43 936.97 2897.29 1968.98 0.00 - 664.76 0.00 11 143.99 891 . 50 2785 . 48 2180. 12 - 470.56 1125. 77 -311. 90 12 143.99 891.50 2785 . 48 2 180. 12 Ll7Q. 56 1125. 77 311.90 13 18207.70 56258.34 107811 . 57 122464.67 0.00 324 1 . 1 3 0 . 00 14 6051.28 24696.61 38069 .42 247 47 .74 0.00 3962.06 0 . 00 
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TOTAL WEIGHT = 2856 1.25 LB 
127040.42 N 
TOTAL MASS = 73.95 LB.SEC2./ IN . 
12955. 10 KG 
MOMENTS OF INERTI A OF GE NERALIZED MACHINE 
IX= 105129.6 1 LB- SEC2- IN. 
11879.65 N- SEC2- M 
IY= 188633.23 LB-SEC2-IN. 
213 15.55 N-SEC2 - M 
IZ= 189130.11 LB- SEC2-IN . 
2137 1. 70 N- SEC2 -M 
PRODUCTS OF INERTIA OF GENERALIZED MACHINE 
IXY= 0.00 
0.00 
IXZ= 10368.08 
1171.59 
IYZ= 0.00 
o.oo 
CENTRO ID OF THE 
XCM= - 127.50 
- 3.24 
YCM= 0 . 00 
0 . 00 
ZCM= - 44. 74 
- 1.1 4 
LB-SEC2-IN. 
N- SEC2 -M 
LB-SEC2-IN. 
N- SEC2 -M 
LB-SEC2-IN. 
N- SEC2 -M 
GENERAL I ZED MACHINE 
IN. 
M 
IN . 
M 
IN. 
M 
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GENERAL SUMMARY AND CONCLUSION 
1. Analytical approaches to the agricultural wheel 
tractor-trailer combination behavior studies have 
been proven to be useful for understanding the 
system and for computer simulation work. 
2. Three generalized coordinates of the tractor-
trailer combination were studied for existing 
combinations. The variation of trailer 
capacities and physical dimensions have 
significant influence on the system behavior. 
3. Operating parameters, e.g. forward velocities, 
affecting the system behavior. The critical 
speeds varied with the change of vehicle systems. 
4. Computational techniques for obtaining the 
physical and inertial properties of a generalized 
machine were used to achieve a high degree of 
accuracy. 
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